Introduction {#Sec1}
============

In the last decades, dozens of families of fuzzy implication functions have been proposed in the literature (see \[[@CR1], [@CR2], [@CR5]\] and references therein). Although some of these families have boosted some applications in which fuzzy implication functions play a key role, other families struggle to stand out since they do not satisfy any differentiating additional property with respect to the rest. Moreover, this vast number of families is starting to cause some major problems in the research of the field \[[@CR6]\]. Therefore, it is necessary to analyze in depth those families of fuzzy implication functions which provide uncommon but useful properties and to analyze their relationship and intersections with other well-known families. This will allow the community to disclose more about the structure of these operators and to open new potentially useful lines of research.

In this direction, the invariance property with respect to powers of a continuous t-norm was proposed in \[[@CR8]\] as an additional property of fuzzy implication functions with applications in approximate reasoning. As it is stated in \[[@CR8]\], the fulfillment of this property ensures that the following fuzzy propositions from the classical example given in \[[@CR10]\]:"If the tomato is red, then it is ripe.If the tomato is very red, then it is very ripe.If the tomato is little red, then it is little ripe."have the same truth value whenever the linguistic modifiers "very" and "little" are modeled using powers of continuous t-norms. This additional property is not satisfied in general by the most usual families of fuzzy implication functions. Therefore, in \[[@CR8]\], the so-called *T*-power based implications are introduced as a family of fuzzy implication functions satisfying the invariance for many t-norms (see the corrigendum \[[@CR7]\] also). Later, in \[[@CR9]\], the complete characterization of all fuzzy implication functions satisfying the invariance property with respect to powers of a continuous t-norm is achieved. Indeed, the characterization depends on the type of continuous t-norm and provides the expression of the family of fuzzy implication functions fulfilling the property. However, in \[[@CR9]\], only this property is studied and up to now, it is unknown which other additional properties can be satisfied by the members of these families of invariant implications. Thus, the goal of this paper is to study which well-known additional properties these fuzzy implication functions satisfy and under which conditions. As a first approach to this problem, this paper deals with the family of fuzzy implication functions which are invariant with respect to powers of a strict t-norm. This study will encourage the use of fuzzy implication functions in approximate reasoning where other additional properties may be required in addition to the invariance property. Moreover, as a straightforward consequence, the study of the additional properties of this family allows to determine the intersection of this family with some of the most important families of fuzzy implication functions, namely (*S*, *N*), *R*, *QL* and Yager's *f* and *g* generated implications (see \[[@CR1]\]).

The paper is organized as follows. In the next section we recall some basic definitions and properties on fuzzy implication functions. In Sect. [3](#Sec3){ref-type="sec"}, the family of fuzzy implication functions which are invariant with respect to powers of strict t-norms is recalled and its definition is revisited. Then, in Sect. [4](#Sec4){ref-type="sec"}, the additional properties of the family are deeply analyzed and the conditions under which this family fulfills them are determined. After that, in Sect. [5](#Sec5){ref-type="sec"}, the intersections of this family with some well-known families is derived from the study carried out in the previous section. The paper ends with some conclusions and future work.

Preliminaries {#Sec2}
=============

To make this work self-contained, we recall here some of the concepts and results which will be used throughout the paper. Although we will suppose the reader is familiar with basic results on t-norms (see \[[@CR4], [@CR12]\] for more details), we recall the definition of a strict t-norm and the expression of its powers.

Definition 1 {#FPar1}
------------
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Proposition 1 {#FPar2}
-------------
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We start now with the definition of a fuzzy implication function.

Definition 2 {#FPar3}
------------

**(**\[[@CR1], [@CR3]\]**).** A binary operator $\documentclass[12pt]{minimal}
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From the definition, it can be easily derived that $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in [0,1]$$\end{document}$. On the other hand, the symmetrical values *I*(*x*, 0) and *I*(1, *x*) are not predetermined from the definition.

Along the history of fuzzy implication functions, additional properties of these functions have been postulated (see \[[@CR1], [@CR3], [@CR11]\] for more details). Among the most important and those that are relevant for this work we stand out the following ones:The *identity principle*The *ordering property*The *exchange principle*The *law of importation* with respect to a t-norm *T*The *left neutrality principle*The *iterative boolean law*

In addition to the previous additional properties, the invariance property with respect to t-norms was recently proposed in \[[@CR8]\] in order to deal with the classical problem of the tomato recalled in the introduction.

Definition 3 {#FPar4}
------------

**(**\[[@CR8]\]**).** Let *I* be a fuzzy implication function and *T* a continuous t-norm. It is said that *I* is *invariant with respect to* *T*-powers, or simply that it is *T*-*power invariant* whenholds for all real number $\documentclass[12pt]{minimal}
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Strict *T*-power Invariant Implications {#Sec3}
=======================================

In \[[@CR9]\] all fuzzy implication functions which are invariant with respect to *T*-powers when *T* is a strict t-norm were characterized in the following theorem.

Theorem 1 {#FPar5}
---------

**(**\[[@CR9], **Theorem 8**\]**).** Let *T* be a strict t-norm and *t* an additive generator of *T*. A mapping $\documentclass[12pt]{minimal}
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The aim of this paper is to study the family of fuzzy implication functions described in the theorem above. In order to do so, we first provide a concrete definition of such family and we establish the conditions which ensure that these functions are indeed fuzzy implication functions.
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First of all, notice that since the additive generator of a t-norm is unique up to a positive multiplicative constant, the definition of *I* is independent from the considered additive generator of *T*. Let us define $\documentclass[12pt]{minimal}
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Definition 4 {#FPar6}
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Let *T* be a strict t-norm and *t* an additive generator of *T*. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:(0,1) \rightarrow [0,1]$$\end{document}$ be a decreasing function and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi : [0,+\infty ] \rightarrow [0,1]$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g:(0,1) \rightarrow [0,1]$$\end{document}$ increasing functions such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \varphi (0)=0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi (+\infty )=1$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \displaystyle \inf _{w \in (0,+\infty )} \varphi (w) \ge \max \left\{ \sup _{y \in (0,1)} g(y), \sup _{x \in (0,1)} f(x) \right\} . \end{aligned}$$\end{document}$$The function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I^T_{\varphi ,f,g};[0,1]^2 \rightarrow [0,1]$$\end{document}$ defined by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} I^T_{\varphi ,f,g}(x,y) =\left\{ \begin{array}{ll} f(x) &{} \text {if } x \in (0,1) \text { and } y=0, \\ g(y) &{} \text {if } x = 1 \text { and } y\in (0,1), \\ \varphi \left( \frac{t(x)}{t(y)}\right) &{} \text {otherwise}, \end{array} \right. \end{aligned}$$\end{document}$$with the understanding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{0}{0}=\frac{+\infty }{+\infty }=+\infty $$\end{document}$, is called a strict *T*-power invariant implication.

In Fig. [1](#Fig1){ref-type="fig"} we can see the structure of fuzzy implication functions given by Expression ([5](#Equ5){ref-type=""}).Fig. 1.Structure of the family of strict *T*-power invariant implications.

Notice that Condition ([4](#Equ4){ref-type=""}) imposes that the function $\documentclass[12pt]{minimal}
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Proposition 2 {#FPar7}
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Moreover, from (ii) in the previous result it is easy to see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I^T_{\varphi ,f,g}$$\end{document}$ is never a continuous function.

Corollary 1 {#FPar8}
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Example 1 {#FPar9}
---------

Let us show two examples of strict *T*-power invariant implications.
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                \begin{document}$$\begin{aligned} I_1(x,y) =\left\{ \begin{array}{ll} 1 &{} \text {if } (x,y) \in \{(1,1),(0,0)\},\\ \frac{1-x}{3} &{} \text {if } x \in (0,1] \text { and } y=0, \\ \frac{y}{3} &{} \text {if } x = 1 \text { and } y\in (0,1), \\ \frac{y-2xy+x}{y-4xy+3x} &{} \text {otherwise}. \end{array} \right. \end{aligned}$$\end{document}$$(ii)Let us consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t(s)=\frac{1-s}{s}$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s \in [0,1]$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)=g(y)=0$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y \in (0,1)$$\end{document}$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi (w)= \left\{ \begin{array}{ll} w &{} \text {if } w < 1, \\ 1 &{} \text {otherwise}. \end{array} \right. $$\end{document}$$ The corresponding strict *T*-power invariant implication is given by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} I_2(x,y) =\left\{ \begin{array}{ll} 0 &{} \text {if } (x \in (0,1] \text { and } y=0) \text { or } (x = 1 \text { and } y\in (0,1)), \\ \frac{(1-x)y}{(1-y)x} &{} \text {if } 0<x<y<1,\\ 1 &{} \text {otherwise}. \end{array} \right. \end{aligned}$$\end{document}$$ These two fuzzy implication functions are displayed in Fig. [2](#Fig2){ref-type="fig"}.

Fig. 2.Plots of fuzzy implication functions given in Example [1](#FPar9){ref-type="sec"}.

Additional Properties {#Sec4}
=====================

In \[[@CR8]\] it was shown that *T*-power based implications do not satisfy most of the main additional properties of fuzzy implication functions such as the left neutrality principle, the exchange property or the law of importation with respect to any t-norm. This situation represents a problem if we want to consider fuzzy implication functions that are *T*-power invariant but also satisfy other common additional properties. In this section, we generalize the study made in \[[@CR8]\] by considering strict *T*-power invariant implications and we show that, in this case, there are choices for $\documentclass[12pt]{minimal}
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First of all, we consider the identity principle and the ordering property. These two properties were already studied in \[[@CR9]\] to show that although $\documentclass[12pt]{minimal}
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Proposition 3 {#FPar10}
-------------
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Next, we show that if a strict *T*-power invariant implication satisfies the left neutrality principle then it is constant to 1 for all $\documentclass[12pt]{minimal}
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Proposition 4 {#FPar11}
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In Fig. [3](#Fig3){ref-type="fig"} we can see the structure of strict *T*-power invariant implications that fulfill $\documentclass[12pt]{minimal}
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Now, let us consider the exchange principle. The next result shows that there are five possible configurations of strict *T*-power invariant implications that result in functions that satisfy $\documentclass[12pt]{minimal}
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Proposition 5 {#FPar12}
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Example 2 {#FPar13}
---------
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Next, we study the law of importation with respect to a t-norm $\documentclass[12pt]{minimal}
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Proposition 6 {#FPar14}
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Example 3 {#FPar15}
---------
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Remark 1 {#FPar16}
--------

Let us consider a strict *T*-power invariant implication under the conditions of (iii)-(a) in Proposition [6](#FPar14){ref-type="sec"} where $\documentclass[12pt]{minimal}
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Fig. 5.Plots of fuzzy implication function given in Example [2](#FPar13){ref-type="sec"} for $\documentclass[12pt]{minimal}
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Finally, we analyze under which conditions strict *T*-power invariant implications satisfy the iterative boolean law. In this case, we see that $\documentclass[12pt]{minimal}
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Proposition 7 {#FPar17}
-------------
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Example 4 {#FPar18}
---------
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Remark 2 {#FPar19}
--------

According to Propositions 4, 5, 6 and 7 all strict *T*-power invariant implications that satisfy $\documentclass[12pt]{minimal}
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                \begin{document}$$(0,+\infty )$$\end{document}$. Therefore, these fuzzy implication functions are given by an expression which is independent from the generator of the corresponding t-norm. Then, they are also *T*-power invariant with respect to any strict t-norm. This fact reflects that imposing the *T*-power invariance with some additional property is very restrictive and usually results in degenerated solutions.

Intersection with the Main Families of Fuzzy Implication Functions {#Sec5}
==================================================================

It is well-known that an important step when studying a new family of fuzzy implication functions is to study their intersection among other families of fuzzy implication functions. In this section we investigate whether the family of strict *T*-power invariant implications intersects with five of the most well-known families of fuzzy implication functions. Let us denote the following families of fuzzy implication functions:In \[[@CR8]\] it was pointed out that *T*-power based implications have no intersection with all the above families because they do not satisfy the left neutrality principle. However, we have seen that there are choices for *f*, *g* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$ such that the corresponding strict *T*-power invariant implication satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{(NP)}$$\end{document}$. For instance, the following fuzzy implication function satisfies both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{(NP)}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{(EP)}$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} I^*(x,y) =\left\{ \begin{array}{ll} f(x) &{} \text {if } x \in (0,1) \text { and } y=0, \\ y &{} \text {if } x = 1 \text { and } y\in [0,1), \\ 1 &{} \text {otherwise}, \end{array} \right. \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} I_\mathbf{WB }(x,y) =\left\{ \begin{array}{ll} y &{} \text {if } x = 1 \text { and } y\in [0,1], \\ 1 &{} \text {otherwise}. \end{array} \right. \end{aligned}$$\end{document}$$Thanks to the study of the previous section, we are able to prove that strict *T*-power invariant implications have non-empty intersection with *R*, *QL* and (*S*, *N*)-implications. Indeed, the following proposition provides the complete characterization of the intersections of interest.

Proposition 8 {#FPar20}
-------------

The following equalities are true:$\documentclass[12pt]{minimal}
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Notice that although the intersection of strict *T*-power invariant implications and *R*, *QL* and (*S*, *N*)-implications is not empty, the fuzzy implication functions that belong to this intersection are constant to 1 in $\documentclass[12pt]{minimal}
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                \begin{document}$$(0,1)^2$$\end{document}$. Therefore, we can conclude that the *T*-power invariance property with respect to a strict t-norm is not satisfied for almost all fuzzy implication functions that belong to the most well-known families of fuzzy implication functions. In this sense, it is relevant to study strict *T*-power invariant implications as a new family of fuzzy implication functions.

Conclusions and Future Work {#Sec6}
===========================

In this paper, the most usual additional properties of fuzzy implication functions have been studied for the family of strict *T*-power invariant implications, those fuzzy implication functions which are invariant with respect to powers of a strict t-norm. The results show that members of this family can satisfy other additional properties in addition to the invariance property. While for some properties such as $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{(EP)}$$\end{document}$ provide richer non-constant solutions. Note that these results are in fact characterizations of all fuzzy implication functions which satisfy both the invariance with respect to powers of a strict t-norm and the corresponding other additional property. Finally, from these results, the intersections with the most well-known families is fully determined leading to some *R*, *QL* and (*S*, *N*)-implications which are also invariant with respect to powers of a strict t-norm.

As future work, we want to perform a similar study for the family of nilpotent *T*-power invariant implications and also for those fuzzy implication functions which are invariant with respect to powers of an ordinal sum t-norm.
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